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DIFFERENT METHODS OF TEACHING MATHE- 
MATICS CONTRASTED 1 

I. THE DIDACTIC OR DOGMATIC VS. THE HEURISTIC METHOD 

In order to compare the didactic method of teaching with 
the heuristic, let us take as an example the different presenta- 
tions of the subject-matter of a lesson in geometry. 

We select for treatment the proposition " Each exterior 
angle of a triangle is equal to the sum of the two opposite 
interior angles." 

a) The didactic method. — After the teacher has defined 
exterior and interior angles of a triangle, he constructs a trian- 
gle ABC on the blackboard, or has the pupils look at the figure 
given in the text-book. He then states the proposition and 
gives the special enunciation, viz., that CAD = ACB + CBD. 
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a j * 

Next, he draws the auxiliary line AE, and so proceeds, giving 
the proof himself. Then he calls on one of the best members 
of the class to give the proposition, and next, perhaps, calls on 
one of the poorer members to give it also, the whole being more 
or less a repetition of the words used by the teacher. The propo- 
sition is then given out for the next lesson, at which time it is 
again demonstrated by members of the class one or more times. 
b) The heuristic method. — The teacher draws a triangle on 
the board and then proposes the following questions and exer- 
cises, or something like them, for the scholars : 

1 Adapted, and the first part translated, from Dr. Fr. Reidt's Anleilung sum 
mathematischen Unterricht. 
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How many angles has a triangle ? Name one angle of the 
triangle ABC, a second, a third. The teacher constructs and 
defines an exterior angle ? Then asks : Who can draw another 
exterior angle ? Asks individual scholars to draw one. How 
many exterior angles can be drawn at one vertex of a triangle ? 
How many exterior angles in all ? How do the two exterior 
angles at any vertex compare in size ? How many exterior 
angles, different in size, can be drawn in any triangle ? How 
many exterior angles at a vertex will it be necessary to con- 
sider ? 

Suppose now that we compare the three interior angles with 
the exterior angle CAD. Which of the three interior angles is 
adjacent to the exterior angle CAD? Which are opposite to it? 
The same questions should be asked for the other exterior 
angles. What kind of angles are CAD and CAB? What propo- 
sition holds then for two such angles ? Let us now compare in 
size an exterior angle with its opposite interior angles. Suppose 
we make EAD equal to B. Then is there a proposition which 
will tell us anything concerning the direction of AE? What is 
it? Which angles are equal and which is the transversal ? If 
now AE is parallel to BC, what other transversal is there ? 
Then what angles are equal? If now EAD equals B and EAC 
equals C, to what is the sum of EAD and EAC (or CAD) equal ? 
What proposition have we proved then ? 

The proof is now called for from one of the weaker mem- 
bers of the class. Next, drawing a different figure, the 
teacher asks which is the exterior angle ? Then, what auxiliary 
line shall we draw for the proof ? What pairs of angles are now 
equal ? Why ? What follows then ? A scholar is now asked 
to give the complete proof. If it becomes necessary, in order 
to hold the attention of the other members of the class, the 
teacher can drop a question on them as occasion offers. The 
next day the proposition will, of course, be called for again. 

II. SYNTHETIC VS. ANALYTIC PROOFS 

Let us take for model the proposition that " If the sides of 
two triangles are proportional, they are similar." 
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We assume as proved, or as definitive, (1) that a line drawn 
parallel to the base of a triangle divides the sides proportionally ; 
(2) conversely; (3) two polygons are similar when their angles 
are equal and corresponding sides are proportional; (4) two 
mutually equiangular triangles are similar; and (5) two trian- 
gles, having an angle of one equal to an angle of the other and 
the sides including these angles proportional, are similar. 

a) The synthetic proof. — Let ABC and A' B' C be two tri- 
angles whose sides are proportional. 



A £ AC B C . 

biven . , „, = -p „, = , r , , to prove that the corres- 
ponding angles are equal. Make A'B" —AB, A'C — AC, and 
join B" and C" . Then by (5) above A' B" C" is similar to 
A'B'C. Or one can draw this out from the class by the 
heuristic method as also the remaining steps of the proof. 

b) The analytic proof. — We found above in (4) that if 
two triangles are mutually equiangular their sides are propor- 
tional and they are similar. Would it be reasonable to suppose 
that the converse of this may be true, viz., that if the sides are 
proportional the triangles are similar ? If it is, how can we go 
about proving it ? Can we place one triangle on the other as 
was done in (5) above? Why not? If, however, the triangles 
turn out to be similar, will the angle A equal the angle A' ? Can 
we construct a triangle then on A'B' C which may equal ABC? 
How? Is this triangle (which has its two sides A' B" and A' C" 
laid off equal to AB and AC) similar to A ' B' C ? Why? How, 
now, can we prove ABC and A'B'C equal? By proving the 
third side sequal ? How ? 

The question now arises : Have we used as yet all of our 
hypothesis or only a part ? Can we hope to draw the conclusion 
without using the whole hypothesis ? 
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We have, by hypothesis, , „, = , , ; what correspond- 
ing proportion can we get by similar triangles ? 

A' B" B" C" , , 

Answer : ., „, = „, „, . How do the terms of these pro- 
A B B' C r 

portions compare ? What follows if two proportions have three 
terms of one respectively equal to three terms of another ? Is 
then BC=B"C"? What follows in regard to ABC and A'B"C"? 
What then concerning ABC and A'B'C'f 

III. EUCLIDEAN VS. GENETIC METHOD OF PROOF 

We will take for an example the two theorems which relate 
to finding the value of the chord of half an arc from the chord 
of the whole arc, and finding the ratio of the circumference of a 
circle to its diameter. 

a) The Euclidean method. — By the Euclidean method the 
first theorem is given first and proved synthetically, and then 
the second is given also and explained synthetically. 

b) The genetic method. — By this method we desire to know 
in advance why the length of the chord of half the arc is wanted. 
We therefore first raise the question : How can the ratio of the 
circumference of a circle to the diameter be calculated ? Have 
we any geometrical method for measuring along the circumfer- 
ence ? If not, do any of the propositions we have just learned 
suggest an approximate way of getting the circumference of the 
circle ? To what does the perimeter of a regular inscribed poly- 
gon approach when the number of sides is increased? Suppose 
we inscribe a hexagon in a circle, taking unity as one side, so 
that the radius of the circle is also unity. What is the perimeter 
of this polygon ? What is its ratio to the diameter ? How now 
can we get a regular polygon of a larger number of sides ? Can 
this be done best as we saw it done in an earlier proposition of 
this set — by bisecting the arcs which subtend the sides? How 
can we get the perimeter of such a polygon ? You say we must 
know one side. How can we get one side of a duodecagon from 
one side of a hexagon ? The question now presents itself : Can 
we find the chord of half an arc when the chord of the whole 
arc and radius are given ? Let us see. 
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If the given chord AB equals m, and the radius is r, what 
other line in the figure can we calculate ? OD? How? If we 
know OD, what' line can we get? CD? Knowing now CD 
and AD (which is one-half of AB) can we find ACf Have 




Fig. 3 

we now in sight a method for approximating to the ratio of 
the circumference to the diameter? There remain then the 
simplifying of the algebraic formula involved and the numerical 
work of using it, and we get the perimeter of any regular 
polygon obtained by bisecting arcs. 

By way of comment on the preceding it may be said that the 
dogmatic, synthetic, and Euclidean methods take less time than 
their analogues ; but time saved at the expense of clearness and 
thoroughness may, and probably will, be time lost in the long 
run. On the other hand, when students have once got a good 
start in a subject, it might easily happen that the employment 
of the heuristic, analytic, and genetic methods of proof might be 
overdone. This principle evidently should always hold : that 
students should never be helped to get what they can, and prob- 
ably will, learn if left to themselves. Students should constantly 
be encouraged to look at the topics they study from the analytic 
and genetic standpoints. If this is not done the best results 
from the instruction will not be attained. 

It is plain that the heuristic method is of quite general appli- 
cation. The analytic method should be used for all those theo- 
rems especially, in which the proof, for whatever reason, is 
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unusual or roundabout. Such, for example, is the proof of the 
theorem that two triangles are equal if the three sides of one are 
equal to the three sides of the other, in which the method by 
superposition, hitherto used, breaks down. The genetic method 
should be used when it throws light on the introduction of prop- 
ositions, or on the sequence of sets of propositions, or on steps 
of a proof. Thus, genetically, the attempt to inscribe a regular 
decagon in a circle should precede or include the division of a 
line into mean or extreme ratio, or "golden section," since the 
reason for the existence of the golden section does not appear 
until one tries to inscribe a regular decagon in a circle. 

Joseph V. Collins 
State Normal School, 
Stevens Point, Wis. 



